Does Increased Regularity Lower Complexity?
By Arthur G. Werschulz*

Abstract. Intuitively, the more regular a problem, the easier it should be to solve. Examples
drawn from ordinary and partial differential equations, as well as from approximation,
support the intuition. Traub and Wozniakowski conjectured that this is always the case. In
this paper, we study linear problems. We prove a weak form of the conjecture, and show that
this weak form cannot be strengthened. To do this, we consider what happens to the optimal
error when regularity is increased. If regularity is measured by a Sobolev norm, increasing the
regularity improves the optimal error, which allows us to establish the conjecture in the
normed case. On the other hand, if regularity is measured by a Sobolev seminorm, it is no
longer true that increasing the regularity improves the optimal error. However, a “shifted”
version of this statement holds, which enables us to establish the conjecture in the semi-
normed case.

1. Introduction. We investigate the relation between regularity and complexity. In
this Introduction, we use words such as algorithm, information, cardinality, and
regularity without definition. They are rigorously defined later.

Based on a variety of examples, Traub and Wozniakowski [6] conjectured that, in
general, as the regularity of a class of problem elements increases, the complexity
decreases. In this paper, we consider linear problems. We measure regularity by a
Sobolev norm or seminorm. We prove a weak form of this conjecture and show that
no stronger statement is possible.

To fix ideas, we consider several examples.

Example 1.1. Consider the solution of the two-point boundary-value problem

(1.1) —u”=f in(0,1), u(0)=u(1)=0,

where the H'(0, 1)-norm of fis bounded by unity:

(1.2) Z f' If(x))%dx < 1.
0

=0

Consider an algorithm ¢ using information of cardinality at most n, and define the
error e(p) to be the worst-case error (in the H'-sense) taken over all f satisfying
(1.2). Let

(1.3) e(n,r):= infe(p)
P
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70 ARTHUR WERSCHULZ

be the minimal error of all such n-evaluation algorithms ¢ whose input functions f
satisfy (1.2). In [7], we showed that

(1.4) e(n,r)=0(n"*Y) asn—> oo,
where we use Knuth’s ©-notation
(1.5) h =®(fz) iff f, =0(f2)andf2=0(f|)~

If comp(e,r) denotes the complexity of finding an e-approximation, then (1.4)
implies

1 PAr+ 1)
(1.6) comp(e.r)=®((—) ) ase > 0. O

€

The next four examples are taken from [6]. In these examples, the data consisted
of all f € H'(I) (where I was a bounded real interval) whose H'(])-seminorm was
bounded by unity:

(1.7) f|f"’(x)[2dx <.
!

For an algorithm ¢ using information of cardinality at most n, e(¢) was defined to
be the L,-error taken over all f satisfying (1.7), and

(1.8) e(n.r):= infe(p)

was the minimal error of all such n-evaluation algorithms ¢ whose input functions f
satisfy (1.7). Once again, comp(e,r) denotes the complexity of finding an e-ap-

proximation.
Example 1.2. For the approximation problem,
(1.9) e(n,r)=0(n"") asn— oo,
so that
1 1/r
(1.10) comp(e,r)=€-)((—€-) ) ase > 0. O

Example 1.3. For the heat equation in a thin rod of length = with initial data f
solved out to time 1 = ¢,

(1.11) e(n,r)=e Wi 4 1),

so that

(1.12) comp(e,r)=@)(\/t—l-l-n—l—) ase—> 0. O
0

Example 1.4. For the Laplace equation on the square (0,7) X (0,7) with boundary
data

(1.13) {“(O’y) = u(my) = u(x,0)=0 forx,y € [0,7],

u(x,m) = f(x) forx € [0,7],
and considering the solution to be u(-,y,) for a fixed y, € (0,7),
1 sinh(n + 1)y,

(L1 elnr) = Co) Sinh(n + 1)

~e Ty (n 4 1)7" asn > oo,
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so that
(1.15) comp(e,r)=®( ! lnl) ase—0. O
Ty &
Example 1.5. For the hyperbolic differential equation
(1.16) <%§i=%§ (xeR,t>0)
u(-,0)=f
solved out to time ¢t = ¢,
(1.17) e(n,r)=(n+1)"",
so that
(1.18) comp(e,r) =0O(e™ /") ase—>0. O

(See Chapter 6 of [6] for a fuller discussion.)
Note that, in all the examples above, s > r implies that

(1.19) im £U25) _ g
n—soo e(n,r)

and that there is a constant K which is close to unity such that

limsup SOTR(E:S)  p
ewo comp(e,r)

Hence, as the regularity increases, the complexity decreases, in the sense that it gets
no worse. Traub and Wozniakowski [6, p. 147] asked whether more regular problems
always have lower complexity. We add the question as to whether (1.19) holds in
general. v

In order to establish the conjecture of [6], it is necessary to first determine what
happens to the nth minimal error e(n,r) as r is increased. Let s > r. We show that
for any problem, there exist nonnegative integers n} and n*, with n* < n*, such that

e(n + n*,s)
. lim S8 g
(1.20) sl e(n+ n*r)

in both the normed and seminormed cases. In this sense, additional regularity always
helps. However, (1.20) tells us nothing about the more fundamental question of
whether (1.19) holds. We now distinguish between the normed and seminormed
cases. In the normed case, n¥ = n* = 0, so that (1.19) holds; we.also have the
nonasymptotic result that

(1.21) e(n,s) <e(n,r) forn>0.

In the seminormed case, (1.20) implies the desired result (1.19) when the problem is
“hard”, and so the “shift” is irrelevant. In general, however, we cannot say that
(1.20) implies (1.19); in fact, we are able to construct a special counterexample in the
seminormed case for which

. e(n,s)
) lim &257 _
(1.22) Jim c(n.r) 00
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(and the limit can blow up arbitrarily fast). Note that this counterexample is an
“easy” problem, especially constructed for this purpose; we know of no naturally-
occurring problem for which (1.22) holds.

We are now able to use (1.20) and (1.21) to establish a weak form of the original
conjecture: in both the normed and seminormed cases, there is a constant K, close
to unity such that

. comp(e,s)
. 1 —= < K,
(12) P comp(e,r) < K
On the other hand, this is essentially the sharpest statement possible: in both the
normed and seminormed cases, one can always construct a problem for which

(1.24) limsup comp(e.s)

> K,,
eno comp(er)” ?

where K, is close to unity. In other words, increasing regularity improves complex-
ity, but not as dramatically as the optimal error is improved in the normed case; it is
not true in general that

(1.25) lim SomP(e5) _

= 0.
¢—0 comp(e,r)

We now outline the contents of this paper. In Section 2, we develop our
terminology and introduce some known results on optimal algorithms. In Section 3,
we prove a useful theorem on ratios of eigenvalues. In Section 4, this theorem is
applied to the normed case to give results on optimal error. We discuss optimal error
in the seminormed case in Section 5. The results in Sections 4 and 5 are translated
into results on complexity in Section 6, where we establish the weak form of the
conjecture and show that no stronger version is possible. Finally, we pose some open
questions in Section 7.

2. Preliminary Concepts. In this section, we introduce some terminology from [6],
which will more precisely define some of the terms mentioned in the Introduction.
We also mention some results from [6] concerning optimal algorithms.

Let &,, %, be (real or complex) Hilbert spaces. A problem is defined by a bounded
linear solution operator S: %, — %,, where %, C %, is a set of problem elements. For
our purposes, we may assume that there is a surjective restriction operator T:
%, = 9, (9, a Hilbert space) such that
(2.1 %o ={fEF T < 1).

For instance, if &, = %, and T = I (the identity map), %, becomes the unit ball BF,
of %,. (In the sequel, BH will denote the unit ball of any Hilbert space H.)

In what follows, we let £ C R” be a smooth bounded domain. We use the
standard notation and terminology for multi-indices, as well as Sobolev norms,
seminorms, inner products, and spaces; see, e.g., [2].

Remark 2.1. Let %, = 9, = H'() and T = I, so that

(22) Jo = BH'(R) = (/€ H'(2):IIf], < 1).

This is the setting for the normed case as discussed in the Introduction. On the other
hand, choose ¥, = H'(2), m to be the number of p-dimensional multi-indices of
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order r, and %; to be the (closed) subspace of L,()™ which is the range of the
transformation 7 which maps a function in H'(£) to the vector of its partial
derivatives of order r. We then find that

(2.3) 9o =BH"(Q):={fe H(2):|f], < 1}.
This is the setting for the seminormed case. (See Section 6.) O

In order to clarify our terminology, we now introduce

Example 2.1. Choose ¥, = H'(Q) where r > —1, 5, = H}(Q), and %, to be the
unit ball of H"(R). The solution operator S: 9, — %, is defined by letting Sf be the
solution to

(2.4) [v(sf)-vo=fo VoeHI(),
Q Q
i.e.,, u = Sf is the weak solution to
(2.5) —Au=f inQ
u=0 ondQ,
seee.g. (2. O

In order to approximate the solution Sf for f € %, using a finite amount of
resources, we must use only a finite amount of information. Here, an information
operator is a linear operator 9: Dy — F, (where %, C Dy C %, and %, is a Hilbert
space) whose cardinality #90is given by

(2.6) #9U:= codimker9.

From Chapter 2 of [6], #9U = n if and only if there exist n linearly independent
linear functionals L,..., L, on %, such that

(2.7) Nf=[Lif - LS]" Vfed,

Example 2.1 (continued ). One important information operator for this problem is
given by

(2.8) N, f:= [fﬂfsl" '“fﬂf&i’]r,

where s7,..., 57 form a basis for a space 5, C Hj(Q) of piecewise polynomials of
degree r, and the sequence (S,},,, arises from a quasi-uniform triangulation of Q.
(Of course, if p > 2, we must make some adjustments to guarantee that S, C HJ(Q).
For more details, see [2] and [7].) O

An algorithm using 9 is then a (not-necessarily-linear) mapping ¢: 9N (%,) — F,.
(Hence the only information such an algorithm may use about the problem element
f € %, is Nf.) The (worst-case) error e(p) of such an algorithm ¢ using 9 is then
defined by

(29) e(9)i= sup|Sf -~ o(N/)|.

€%

Example 2.1 (continued). Define ¢, to be the finite element algorithm, i..,
,(9, ) € S, satisfies

(2.10) [ oo Fus) - vsr=[ s (1<is<n).
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Then , uses 91, and
(2.11) e(d,)=0(n*D/P) asn - oo.

(See[2},{7}.) O
We seek optimal error algorithms ¢* using N whose error is small as possible, i.e.,
such that

(2.12) : e(o*) = izfe(tp),

the infimum being over all ¢ using 9. The search is made easier by the fact that
(2.13) inf e(p) = r(MN,S,%),
@

where the radius of information is given by
(2.14) r(9,8.% )= sup |Sz|;;

z€kerM N,

see Chapters 1 and 2 of [6].

Example 2.1 (continued). The finite element algorithm ¢, is (to witllin a constant
factor independent of n) of optimal error among all algorithms using 0, ; see [7]. O

Now that we are able to determine the optimal error for any algorithm using
information 90 of cardinality at most n, the next matter to determine is which such
information is “most relevant” in that it yields optimal algorithms with the smallest
error. That is, we wish to find an nth optimal information operator N, i.e., an
information operator 9, of cardinality at most n whose radius equals the nth
minimal radius of information:
(2.15) r(:,.8,5%,) =r(n,S.%):= ivr(lf r(9,S.%,).

#MN<n

We will mainly be concerned with the case where

(2.16) lim r(n,S,%,) =0,
n—2aoc

so that there exists a convergent sequence of algorithms, each of which uses
information of finite cardinality. By Corollary 2.5.1 of [6], (2.16) holds if and only if
K:= ST' is compact, T' being a pseudo-inverse of T (see p. 34 of [6]). Let
A, > A, > --- >0 be the nonzero eigenvalues of K*K, the asterisk denoting
Hilbert space adjoint. (If only a finite number r of nonzero eigenvalues, formally set
A; =0fori>r.)Let

(2.17) n* = n*(T,S):= dim[kerT/(ker T N kerS)]
denote the problem index. Then Theorems 2.3.2 and 2.5.3 of [6] yield
o0 if n < n*,

(2.18) r(n.8.%) = {,/A,,-"-H ifn > n*.

Remark 2.2. In the normed setting %, = BH'(Q), we have T = I, so that TH=1,
and hence n* = 0. In the seminormed setting %, = BH'(R), we will show that
n* = dim(S(P,_,(R))), where P,(Q) is the space of polynomials of degree ¢ over the
region . O

Example 2.1 (continued ). In [6], we showed that

(2.19) r(%,,S,%) = 0(r(n,8,9%)) = ©(n"*"?) asn - oo.
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Hence, 9.1," is (to within a constant factor, independent of n) an nth optimal
information for the problem (2.4). O

3. An Eigenvalue Comparison Theorem. In the previous section, we saw how the
minimal radii of information were related to the eigenvalues of a compact linear
operator on a Hilbert space. In this section, we will establish a result concerning
eigenvalues of products of compact linear transformations. This result will be used
to establish results on optimal error for the normed and seminormed cases in
Sections 4 and 5, respectively.

Let X and Y be Hilbert spaces, and let E: X = Y and 4: Y — Y be compact
linear transformations, with 4 selfadjoint and nonnegative, i.e.

(3.1) A=A4* and (Ay,y)>0 foryeY.

Let A,,(K) denote the nth largest eigenvalue of the nonnegative selfadjoint, compact
linear operator K on a Hilbert space. In this section, we will prove

THEOREM 3.1. Either
(i) 4 is of finite rank, in which case there is an integer ny, > 1 for which
A (E*AE)=X,(A)=0 forn> n,,
or
(i1) A is not of finite rank, in which case
lim A, (E*4E) = lim A, (A4) =0
h— o0 n— oo
and

A, (E*4E)

A

Proof of (i): Let rank(A) = n, — 1. Then A has at most n, — 1 nonzero eigenval-
ues, so that A ,(A4) = O forn > n,. But

rank( E*AE) < rank(AE) < rank(A4) = ny — 1,

so that E*4E has at most n, — 1 nonzero eigenvalues, i.e., A, (E*4AE) =0 for
nxz=n, 0O

Before proceeding to prove (ii) of Theorem 3.1, we must set up some machinery
and prove two lemmas. Let y,,y,,. .. be an orthonormal family of eigenvectors for 4,
Le, Ay, = )\j(A)yj, where A;(A4) > A,(A4) > --- > 0 because 4 is not of finite rank.
Let

(3.2) M,,=sp{y,,....y,,)l=sp{yj}jgnﬁ ® kerA.

LEMMA 3.1. codimE™'M, < n.

Proof. Let L, = X/sp{E*y)'_, = sp{E*y,,..., E*y,}* in X. Then L, = E"'M,,
since

x€L,ox L{E*y,....,E*y,} e Ex L{y,...,»,)
> ExeM,»>xcE'M,.
So codimE~'M, = codimL, < n. O
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LEMMA 3.2. Let

p, = sup [Ex|.
ExeM,
VLE 'kerd
lIxli<st
Then
}‘n+I(E*AE)<p'};'
An+I(A)

Proof. Since kerA is a closed subspace of M,, E”'kerA is a closed subspace of

ne

E~'M,. Hence we have a direct sum decomposition

(3.3) E~'M, = E 'kerA ® [E"'M,/E 'kerA].
Given x € E~'M,, ||x|| < 1, write
(3.4) x=x,+x, (x,€E 'kerd,x,€ E"'M,/E""kerA),

and note that ||x,|| < ||x|| < 1. Then AEx, = 0 implies

(3.5) (E*AEx,x)= (E*AEx,,x;) + 2(E*AEx,,x,) + (E*AEx,,x,)
= (E*AEx,,x,) = (AEx,.Ex,).

If Ex, = 0, then

(3.6) (AEx,,Ex;) =0 < )\n+1(A) 0=A,, I(A)IIEXzIIZ‘
while if Ex, = 0, sety = Ex,/||Ex,|| to find
(3.7) (AExszxz) = (Ay,y)llEszIZ <A, ,(A)||Ex2||2,

since y € M, and || y|| < 1 implies (Ay,y) < A, (A). In either case. (3.6) or (3.7)
yields

(3.8) (AEx,; Ex,) < A,, (A)IEx, ||,
Now Ex, € M,, x, L E~'kerA, and ||x,|| < 1 yield
(3.9) I1Ex,l < b,
So (3.5), (3.8) and (3.9) yield
(3.10) (E*AEx,x) <\, ,(A4)p}.
Since the choice of x € E~'M, N BX is arbitrary, we have
(3.11) sup (E*AEx,x) < \,,,(4)pk.

x€E 'M,

flxli<t

Since codim E~'M, < n, we use the Courant minimax theorem to find

(3.12) sup (E*4Ex,x)> inf  sup (E*AEx,x)=A\,, ,(E*AE).

_ LCK
€E"'M o= xXE€ L
xllxllsl " codimL<n |[xf<1

The lemma follows from (3.11) and (3.12). O

We are now ready to complete the

Proof of Theorem 3.1(ii): Since A and E*AE are compact, the first statement is
immediate. Now M, D M, D M, O --- and the definition of p, imply that

(3.13) Py =pPr=pr - =0,
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Hence there is a p > 0 such that
(3.14) p= lim p,.

n— oo

So Lemma 3.2 yields

—_ A(E*4E)
3.15 < 1 e~ < P
(3.15) 0 < lim X (A) <p

n— 00

We need only show that p = 0.

To this end, we choose a sequence (e, > 0}, , such thate, > 0 asn — o0, and a
sequence {x* € [E~'M,/E™'kerA] N BX),, such that
(3.16) NEx*|| < p, < ||Ex}|| + ¢, foralln> 1.
Then ||x}|| < 1 implies that x}* is weakly convergent (through some subsequence, say
{n; ) > of indices) to some x* € BX (Theorem VIII.4.2 of Schechter [5]):
(3.17) Xy —~x* ask — co.

n

Moreover, the compactness of E implies that Ex}; converges strongly to Ex* as
k — oo (see Theorem 5.1.1 of Friedman [3]). This implies that

(3.18) lim || Ex} || = || Ex¥|,
k— o0

and so (3.16) and (3.18) yield
(3.19) p = || Ex*|.
We first claim that x* L E~'kerA. Indeed, let x € E~'ker4. Then Xy —Xx* as
k — o0 and x} L E'kerd imply
(3.20) (x*,x) = lizn(x,’f‘,x) =0.
Sin'ce x € E™'kerA is arbitrary, x* L E~'kerA, as claimed.

We next claim that x* € E~'kerA, i.e., Ex* € kerA. Indeed, since (ker4)* has
the orthonormal basis { y,}, . |, it suffices to show that

(3.21 Ex*,y.) =0 forallj> 1.
J

Given such an index j, choose k,, such that n, > j. Then for any k > k,, we have
n, > j.sothatx} € E~'M, implies

(3.22) (x:‘A,E*yj) = (Ex,",‘k,yj) = 0.
By (3.17), we thus find
(3.23) (Ex*y) = (x*,E*yj)=nlin:°(x,“,‘k,E*yj)=0.

Since the index j > 1 was arbitrary, it follows that x* € E~'ker4, as claimed.
Sox* € E~'kerA N (E™'kerA)* = 0, implying
(3.24) = ||Ex*|| = 0,
completing the proof of the theorem. 0O
In order to consider the seminormed case, we will need to know whether it is true
that

_ A,(E*AE)
3.25 a7 AFT
( ) "lin; An+m(A)
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for some positive integer m? In general, the answer is in the negative whenever E is

not of finite rank.
Indeed, let x,.xz. .. € X denote orthonormal eigenvectors of E*E corresponding

to the eigenvalues 2 > €2 > --- > 0, so that

(3.26) E*Ex,=¢’x, (n>1) and (x,.x,)=8,, (mn=1).
Let

(3.27) yor= Ex,/e,  (n=1),

so that

(E*Exm‘xn) = ﬁs = 8mn (m'n 2 l)*

mn

(328)  (modn) =

m=n ’l
i.e., ¥,.),,... form an orthonormal basis for

(329) M:= Sp{yn>n21'

Now define A: Y — Y as follows. Leta, > a, > --- > 0, with lim,_, &, = 0 be
given. For any y € Y, there exists a unique choice of scalars 9,,7,,... and y, € M*
such that

(3.30) y=2 M+ Yo
n=1
Then let
oc
(3.31) Ayi= Y 0,a,),

n=1|
We then see that y,,y,,... are orthonormal eigenvectors of 4 corresponding to the
eigenvalues a;.a,,..., so that
(3.32) A,(A4)=a,.
Moreover, let x € X, so that there exists a unique choice of scalars £,,§,.... and
X, € ker E*E such that

oc
(3.33) x= Y &x, + xo;
n=1
we claim that
(3.34) E*AEx = Z é,,a,,e,,x,,,
n=1

which implies that x,,x,,... are orthonormal eigenvectors of E*AE corresponding
to the eigenvalues a,e? > a,e3 > --- > 0, so that

(3.35) A, (E*AE) = a,€?

Indeed, let x € X have the representation (3.33).. Then Ex, € M*, since for any
indexn > 1,

(3.36) (Exq,y,) = ;]—(ExO,Ex,, = el(E*ExO,x,,) =0
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Thus (3.33) implies that Ex, € M* in the representation

o0 o0
(3.37) Ex =Y ¢,Ex,+ Exg= )Y &,6,5, + Ex,,

n=1 n=1

and thus (3.30) and (3.31) imply

00 [o¢]

(3.38) AEx =) ¢e0,9, = 3 €,0,Ex,.
n=1 n=1

So
o0 oc

(3.39) E*AEx = Y £,0,E*Ex, = Y £,a,€2x,,
n=1 n=1

as claimed.

We now show that not only is (3.25) false in general, but the limit can be any
positive number, or can go to infinity arbitrarily fast.

THEOREM 3.2. Given a compact linear E: X — Y, a positive integer m, and a

sequence |, < J1, < --+ of positive real numbers, there exists a compact, linear,
nonnegative, selfadjoint A: Y — Y such that
A, (E*AE)
A LAt
A n+ m( A ) "

for all sufficiently large n. Hence, for any u € [0, 0], there exists an A for which
i Au(E*AE)
im ——= =y,
e Apen(A)
and if p = oo, the limit can go to infinity arbitrarily fast.

Proof. Let E, {u,},> > and m be as in the statement of the theorem. Let E*E be as
in (3.26), and let 4 be defined by (3.30), (3.26), where now

k—]£2+ n—1
(3.40) o= [] - (":=[ J’f="""")'

=0 I"’lm+j m

Then there is a positive integer n, such that (3.32) and (3.35) hold for all n > n,,.
Hence forn > ny, letk = |[(n — 1)/m| andj = n — km to find

2 2
An(E*AE) _ x,E, _ ak’”+!8k’"+1

An+m(A) an+m a(k+l)m+_/

(3.41)

= F’km+j = By

proving the first statement. The second statement follows by taking u € (0, ] to
be the limit of the u, as n — o0. To make the second statement hold for u = 0, take
vy € (0,1) and let

(3.42) a, = Y”~
Then (3.32) and (3.35) hold for all n > 1. So
A (E*AE)  a,€l

4 =
(3 3) >\n+m(A) an+m

=y "2 >0 asn—o0. O
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4. Regularity and Optimal Error in the Normed Case. We now consider the case
where we have Hilbert spaces ‘F,, ‘.TF,, and %, where there is a compact transformation
E: &, > 4, so that when E is injective, E(%,) may be identified as a subspace of ‘F,
which has more “regularity” than the space ‘,. Let %%, and %, denote the unit balls of
¢, and ‘.? respectively. Suppose that S: ¢ — is a bounded linear solution
operator; then we define the solution operator S: “5 - %, by § = SE. We now
consider the problems given by S with ¢}, and S with ¢ *o

Our first result shows that for the normed case, replacing the problem (S,¢ %) by
the problem (S. 4, ») does not increase the nth minimal radius beyond a factor of || E|}.

THEOREM 4.1. For all n > 0,
r(n.8.5,) < E|Ir(n.S.5,).

Proof. If E = 0, then S =SE=0and|E| =0, so that the inequality reduces to
0 < 0. We now suppose that E = 0. Let 9 be an information operator on ‘¥, of
cardinality at most n. Define an information operator Y on ‘.:?, by N:= N E. Then
#3 < #9 < n, so that

(4.1) r(n.8.%) < r(9,8.%) = sup |ISz].
zeker (\*.7?0
Let z € kers N ‘.7?0. Sety = Ez/||E|l. Then
1 1

4.2 My = —MEz = —Nz =
(42) NEN IEY

so that y € kerl N *5,. So

(4.3) 1Szl = IISEzl = IENISyI < |ENl - sup ISyl = IIEIIr(:,S.15,).
rekerMNy,

Taking the sup over all such z and using (4.1), we have

(4.4) r(n.8.5,) <IENF(9,S8.45,).

Since Y is an arbitrary information operator on %, of cardinality at most )(, we
may take the inf over all such 9 to complete the proof of the theorem. 0O

Note that this result is nonasymptotic, holding for all n > 0. We now give an
asymptotic result which says that in the limit, replacing (S.%,) with (5.%,) helps
beyond any positive factor, no matter how small.

THEOREM 4.2. Either
(1) S is bounded but not compact, in which case there exists p > 0 such that
lim r(n,S,5,)=p and lim r(n.8,%) =0,
n—oc n— oG
or
(i1) S is of finite rank, in which case there is an integer n, such that

r(n,8,%) =r(n,8,%)=0 forn>n,,

or
(iil) S is compact, but not of finite rank, in which case

(”S?))r_o
n,S,%)

lim r(n,8,%) = lim r(n,8,%)=0 and lim

n—oc n—oc n-—o00 I'(
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Proof. For part (i), let S be bounded and noncompact. Then Corollary 2.5.1 of [6]
implies that there is a p, > 0 such that r(n,S,%;) > p,. Since r(n,S,%,) is monoton-
ically nonincreasing, the first statement in (i) follows. On the other hand, S bounded
and E compact imply S = SE is compact. Thus Corollary 2.5.1 of [6] yields that
r(n,S,%,) converges to zero.

For parts (ii) and (iii), let X = %,, Y = %,, 4 = $*S. Then 4 = A* > 0 and E are
compact. Since the restriction map is the identity, it has trivial kernel, and so the
indices of the problems (S,%,) and (S, 550) are zero. Thus (2.18) yields

r(n,8,%,) =N/2,(4) and r(n,$,%)=N/2 (E*AE).

The result now follows immediately from Theorem 3.1. O

We now show how increased regularity improves optimal error behavior in the
normed case. Consider a well-posed (i.e. bounded) linear problem S defined on
H'(Q), where Q is a smooth bounded region in R”. Thus there is a Hilbert space Z
such that S: H'() — Z is a bounded linear operator. We pick s > r and let E:
H*(Q2) - H'(Q) denote the inclusion injection, i.e., Ef:= f for f € H*({). Setting
S:= SE (i.e., Sis S restricted to H*()), we let

(4.5) e(n,r):=r(n,S,BH'(Q))
and
(4.6) e(n,s):= r(n,S,BH*(R))

denote the minimal errors of algorithms using information of cardinality at most »
when the admissible inputs are the unit balls of H’({2) and H*(f2), respectively.
THEOREM 4.3. For alln > 0,
e(n,s) <e(n,r).

Moreover, precisely one of the following statements holds:
(i) S is bounded, but not compact, in which case, there exists € > 0 such that

lim e(n,r)=c¢

n—oo

while
lim e(n,s) =0,
n— oo

or

(ii) S is of finite rank, in which case there is an integer n, such that
e(n,r)=e(n,s)=0 forn>ng,

or
(iii) S is compact, but not of finite rank, in which case

lim e(n,r) = lim e(n,s)=0 and lim M=O.
n— o0 n—oc n— oo e(n,r)

Proof. Let 5, = H'(Q) and ¥, = H%(R), so that §, = BH"(®) and , = BH*(Q).
Since ||-||, <||-|l,, we have ||E|| < 1. Hence the first statement follows from
Theorem 4.1. By the Kondrasov lemma (see, e.g., p. 114 of [2]), E is compact. Thus
the second statement follows from Theorem 4.2. O
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Thus either the problem can be soived exactly using a finite amount of informa-
tion (case (ii)) or increasing the smoothness of the problem by assuming the
existence of additional derivatives improves the optimal error by more than any
fixed constant factor as n — oo (cases (i) and (iii)).

Remark 4.1. If we replace H'(2) and H*(Q) in (4.1) and (4.2) by Hj(2) and
H{(R), Theorem 4.2 still holds, since the inclusion injection E,: Hj(2) — H{(R) is
compact forr <s. O

5. Regularity and Optimal Error in the Seminormed Case. We now consider the
case when regularity is measured by a Sobolev seminorm (as was the situation in the
examples studied in [6]). In this section, we show that Theorem 4.3 does not hold
when the unit balls BH'(2) and BH*(R) are replaced by the unit semiballs 8 H"(Q)
and DH*(Q) (see (2.3)). In fact, we show that there is a penalty associated with
increasing the regularity in this manner, and that this penalty can be arbitrarily big.
On the other hand, we are able to show that a slight modification of Theorem 4.3
does hold in the seminormed case, and we give sufficient conditions for the original
version of this theorem to hold in this case.

We now let Z be a Hilbert space and let S: H'(2) — Z be a bounded linear
solution operator, where £ C R” is a smooth, bounded, simply connected region. We
consider the problem defined by S and ‘%, := ®H"(Q).

It will be useful to write ‘%) in terms of a restriction operator 7. Let p,,..., u,,
denote the multi-indices p in p variables such that |u| = r, so that

(5.1) m=(P+:“).

Consider the Hilbert space L,(2)", and define a subspace V of L,($2)" by
(5.2) (g, --g,] €V iffife H(Q):D*f=g (1 <i<m).
LEMMA 5.1. V is closed in L,(R)™.

Proof. Since Q is simply connected, g € V if and only if g satisfies a set of ¢
equations in H~'(2) of the form

(5‘3) algj - akg/ = 0‘
where i, j, k, [ are related by the relation
(5.4) 9,D* = 9, D",

which expresses the equality of the mixed partial derivatives of the function f for
which (5.2) holds. Hence there is a bounded linear operator L: L,(2)" — H ™ '(Q)4
such that V' = kerL, and so Visclosed. O

Hence V is a Hilbert subspace of L,(2)”. We now define T: H'(£) — V by

(5.5) Tf:= [D*f--- Dme]T.
By (5.2), T is a surjection.
In what follows, it will be useful to have another characterization of the index of
the problem.
LEMMA 5.2. The index n*(T,S) of the problem (S, %,) is given by
(5.6) n* = n*(T,S) = dimS (kerT).
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Proof. First note that

(5.7) ker(S|yerr) = ker T N ker S.
Since dimker T is finite, we let M = ker T in the equation
(5.8) dimS(M) + dim(kerS|,,) = dimM.

Using (5.7) and (2.17), we find
(5.9) dimS(kerT) = dim(kerT) — dim(kerS|y.,r)
= dim(ker T') — dim(ker T N kerS) = n*(7,S). O

In order to proceed, we let P,(£2) denote the space of polynomials of degree ¢ on
Q. (Note that P,_,(Q) is the kernel of T given by (5.5).) Let
(5.10) H(Q):= H"(2)/P,_(2)
denote the orthogonal complement of P,_,(R) in H"(Q), so that
(5.11) fe B(Q) ifffe H(R)and (f,p),=0Vp e P,_(Q),

where (-, ), is the inner product which yields the || - ||,-norm. By Theorem 3.1.1 of
[2], the H'(Q)-seminorm | - |, is a norm on H’(Q), equivalent to the usual quotient
norm || - ||, on H'(R) given by
(5.12) A1 == o,/ * Pl

pel’

r— l

The problem (S,BH’(R)) now induces a new problem (S, 50) by letting S:
H'(Q) - Z be defined by

(5.13) Sf:=Sf forfe H(Q)
and letting
(5.14) & = BH'(Q) =%, N H(Q).

LEMMA 5.3. r(n + n*,5,%;) = r(n,8,%,).

Proof. We first let 9: A7(Q) — R” be a linear information operator of cardinality
at most n. Define N : H'(2) —» R" by

(5.15) Nf:= [ ]

where f € H' (9)4and p € P._,(RQ) are uniquely chosen so that
(5.16) f=f+p.

Then Lemma 5.2 yields

(5.17) #9 < #9 + dimS(P._,(R)) < n + n*.

We claim that f € ker9 N %, implies fe ker9L N @’0 and Sf = Sf. Indeed, given
such an f, write f = f + p asin (5.16). Then f € %, implies
(5.18) A7 < WAUZ + 1207 = 1717 < 1
so that f € %,. Moreover f € ker9U implies

(5.19) 9f=0 and Sp=0,
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1e., f € ker% and
(5.20) Sf=Sf+ Sp=Sf=Sf,

proving the claim.
From (2.14) and (5.17), we find

(5.21) r(n+n*8,%) < r(9q,8,%)=sup |SfI
f€ker Ny,
< sup  |I8fll = r(9.8.5,).
f.ekerﬁ':fln‘."’ﬁ)

Taking the infimum over all N of cardinality at most n, we find
(5.22) r(n+n*8.%) < r(n,8.%).
In order to prove that the inequality (5.22) is an equality, we consider an

(n + n*)th optimal information for (S,%,). By (2.4.12) of [6], this information has
the form

n*f
(5.23) Nopoef = [‘ﬁl,,f]’
where
(5.24) ker* = (kerT N kerS) ® (kerT)*
and there is a linear transformation L on V, of rank at most n, such that
(5.25) &, = LT.

Let II: H'(2) — P._,(2) denote the orthogonal projector, so that p = IIf in
(5.16). Claim there exists an invertible n* X n* matrix M such that

(5.26) N* = MSTI.
To do this, we first show that

(5.27) kerN* C kerSTI.
To see this, let f € ker9U*. By (5.24), we may write

(5.28) f=fH+f (f €ekerTNkerS,f, € (kerT)*').

Then f, € ker T implies f, € P,_,(£). Since II is a projection onto P,_,(£2), we have
ITf, = f,. Since f, C kerS, we have

(5.29) SIIf, = Sf, = 0.
On the other hand, f, € (kerT)* = H"(2) implies that IT £, =0.S0
(5.30) SIIf, = 0.
Hence f € ker STI, proving (5.27). Since ker91* C ker STI and
(5.31) codimker9* = n* = dimrangeSII = codimkerSTI,
Lemma 2.2.1 of [6] yields (5.26), as claimed.

So

(532) @Ln+n'f= [ (.’51./
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where f and j are given by (5.16) and @Ln f= @L" f because p € kerT implies
LTf = LTJ.

We now consider the information operator ‘.’7(, for the problem ($,%, o)- Clearly
#% < n. We claim that ker9, N &,  kerdq,, . N F,. Indeed, let f € ker9, N
0 Then f S Jo = Q)N %, implies f € 9,. Moreover f € H(Q) implies that

= 0and f = fin (5.16), so that f € ker9, implies
MSO

(5.33) Nopsmef = [@Lnf]=0

establishing the claim.
Since #G)L < n, we use the claim above and the fact that § = S| ;- (@) to find

(5.34) r(n,8,%) <r(9,,8,%)=sup S
/e‘.;?(,nkerél,,
< sup ISf1l = r(N,y 4 0, S, %) = r(n + n*,8,%),
fe€FnkerN,,, .

the last by the optimality of 90, , ,.. O

We wish to examine the effects of increasing regularity when %, is the unit
semiball of a Sobolev space. Recall that Z is a Hilbert space, and that S: H'(2) > Z
is a bounded linear transformation. Choose s > r, and let E: H*(2) - H'(Q)
denote the (compact) inclusion injection, as in Section 4.

LEMMA 54. B5(Q) is a subspace of H'(Q), and the inclusion injection E: I:I‘(ﬂ) -
H'(Q) is compact.

Proof. To show that H°(R) is a subspace of A"(Q), let f € H*(R). Then fe€ H(Q)
C H'(R), and (f,p), =0 for p € P,_ (). Now for any p € P,_,(R2), we have
D*p = 0 for|u| > r. So

(5-35) (f,P)r=(f,P).s_ Z (D#f’D”p)0=(f’p)s=0’

r<ipl<s
sincep € P,_ () C P,_,(R)and f € B¥(Q) = P,_,(R)* . Hence f € H'(Q).
We now show that E is compact. Let { Ly c H’(Q) be bounded, say
(5.36) 1fils < (j=1.
Since f, € B(Q) = 1!;_,(9)l we find
(5.37) Al = EP Ilf +pli, =I5l < CIfl, < CM,

= l

where the first inequality follows from the equivalence of | - |, and || - ||; over F*(Q).
Since r < s, the Kondrasov lemma yields g € H'(2) and a subsequence {j,} such
that f — g in H'(Q). Since H'(Q) = H'(Q) ® P,_ (Q), there exists f € H'(2) and
p € P,_ () such that

(5.38) g=f+p.
We claim that f, — fin H'(Q). Indeed,p € P,_ () implies
(5.39) lf, = fl.=1f, —g—pl.<If, — gl +1pl,

=15, — &l <If;, — 8l
so thatf, — gin H'({) establishes the claim and the lemma. O
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Let S = SE as in Section 4. Then the commutative diagram

H'(Q) z
(5.40) EI 5

H(2)
induces a diagram

Q) ———7
5.41 . ,
( ) E #7 S‘

Q)

where $ and S are the restrictions of S and S to H’(Q) and H°(Q), respectively (see
(5.13)). We claim that the diagram (5.41) commutes. Indeed, let f € (). Then
S = SE yields

(5.42) §f=8§f=SEf=SF.
On the other hand f € A°() € A’(Q), so that (5.42) implies
(5.43) SEf=8f=5f=5f.

Thus SE = S, i.e., the diagram (5.41) commutes, as claimed.

We now are ready to discuss how the behavior of the optimal error changes when
regularity is increased. Let s > r, let n} and n?*, respectively, denote the indices for
the problems (S, BH’(2)) and (S, BH*(R)), let

(5.44) e(n,r)==r(n,S,8H"(Q)),
and let
(5.45) e(n,s)=r(n,S,BH*(Q)).

We then have the following modification of Theorem 4.3:

THEOREM 5.1. Precisely one of the following statements holds:
(1) S is bounded, but not compact, in which case, there exists ¢ > 0 such that

lim e(n,r)=c¢

n-— oo

while
lim e(n,s) =0,
n—oc

or

(ii) S is of finite rank, in which case, there is an integer n such that
e(n+n*s)=e(n+n*r)=0 forn>n,,

or
(iii) S is compact, but not of finite rank, in which case,

. . e(n + n*,
lim e(n,r) = lim e(n,s)=0 and lim ——(—L—ﬂ—f—)—=
n— oo n—oo n— oo e(n + n’,“,r)
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Proof. Using (5.44) and Lemma 5.3, we have
(5.46) e(n+n*r)=r(n+n*S,BH(Q)) = r(n,S,BH(Q)),
while (5.45), Lemma 5.3, and (5.41) yield
(5.47) e(n +n*,s) =r(n+n*,8BH(RQ)) = r(n,5,BA(2))
= r(n,SE,BE*(Q)).

The result now follows from (5.46), (5.47), Lemma 5.4, and Theorem 4.2. O
As a corollary, we can give sufficient conditions for Theorem 4.3 to hold:

COROLLARY 5.1. Suppose that either

(5.48) n* = n*
or there is ay > 0 such that
(5.49) e(n+1,r) > ye(n,r)

for all n sufficiently large. Then for any compact S, not of finite rank, we have

(5.50) im £ o o
n—oo e(n,r)

Note that (5.48) or (5.49) holds in all of the examples mentioned in Section 1. The
condition (5.49) tells us that the problem (S, H’(R)) cannot be “too easy”, i.e., the
error should decay no faster than geometrically.

On the other hand, we now show that a result like (5.50) cannot hold for all
problems.

THEOREM 5.2. For any p. € [0, 0], there exists an S for which

. e(n,s)
lim ——= =,
n—soo e(n,r)
and if p = oo, the limit can go to infinity arbitrarily fast.
Proof. Setting m = n* — n*, we may use (5.46) and (5.47) to find
e(n,s)

,SE, B’ (Q
(5.51) tim £s) _ o r(n.SEBE(R))
n— o e(n,r) n— o0 r(n + m,S,BH’(Q))

Now let X = B°(Q), Y = H'(Q), and E = E in the notation preceding Theorem 3.2.
Let $: Y — Y be an injection. Let Z = P,_,(Q) X H(Q) with norm

di

Finally, S: H'(2) — Z is given by

Py

= A2 + 1712 V(’f) ez
(5.53) Sfi= (

f
where f = f + p as in (5.16).
By construction, S is injective, so that (2.16) yields

(5.54) n* = dimP,_,(Q)

(5.52)

Ny,
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and
(5.55) n* = dimP,_,(Q).

Hence m > 0. Now finally choose $ = A'/2, where A is defined as in Theorem 3.2,
with p replaced by p?. Then

(5.56) lim

r(n,SE.BE'(R)) [ A (E*4E)]'?
n—o r(n+ m,S,BI:I'(Q)) #

m
n—o0 An+m(A)

The theorem now follows from (5.51) and (5.56). O
Hence, the penalty for increasing regularity may be arbitrarily great in the
seminormed case.

6. Complexity Results. In this section, we translate our results on optimal error
behavior into results on computational complexity. We show (roughly speaking) that
both in the normed and seminormed cases, increasing regularity improves complex-
ity; however, there are problems for which improvement means only that the
complexity gets no worse.

The model of computation will be that specified by Chapter 5 of [6]. That is, if H
is a Hilbert space, evaluation of af and f + g (« a scalar, f,g € H) and evaluation of
a linear functional on H have finite complexity. We let ¢ denote the complexity of
evaluating a linear functional; we assume that evaluation of af and f + g have unit
complexity, in order to normalize the measure of complexity. We generally would
expect ¢ > 1.

We first consider the normed case. Let

(6.1) comp(e.r):= inf comp(g),
@
where comp(¢) denotes the complexity of the algorithm ¢ for the problem

(S.BH'()) and the infimum is taken over all such algorithms ¢ for which e(¢) < e.
Similarly,

(6.2) comp(e,s):= inf comp(g),
P

where the infimum is now taken over all algorithms ¢ for the problem (S.BH*(Q))
for which e(¢) < e. Define the e-cardinality numbers by

(6.3) m(e,t):= infN(e,t),
where
(6.4) N(e,t):={(ne€Z':r(n,BH'(Q)) < &)

for t = r and t = 5. (That is, m(e,t) is the smallest integer n such that the nth
minimal radius of information is at most ¢ for data in the unit ball of H'(2).) Then
Theorem 3.4.2 and Lemma 5.2.2 of [6] yield

(6.5) comp(e,t) = (¢ + a,)m(e,t) — 1,

where a, € [1,2].
We first discuss the behavior of the e-cardinality numbers.
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THEOREM 6.1. Let s > r.
(1) For any € > 0, and any solution operator, m(e,s) < m(e,r).
(ii) There exists a solution operator for which

lim "(&8) _

e—0 m(e,r)

Proof. (i) follows from the first statement in Theorem 4.2. To see (ii), let y,,,,. ..
be the orthonormal eigenfunctions of E*E corresponding to eigenvalues ¢ > e% >
-+- > 0. Recall that ¢, ~ cn™* for p = (s — r)/N. Now define S: H'(R) » H"() .
by
(6.6) SEy, = e' ""Ey,.

(Recall that {Ey,,Ey,,... ) is complete in H"(R).) Then A,(S*S)= e*'~" and
N, ((SEY*(SE)) ~ [en ' ™12, e,

(6.7) r(n,BH'()) =e" and r(n,BH(R)) ~cn *e™".

We then have

(6.8) m(e,r) = ln—l— and m(e,s) ~ ln%,

completing the proof of the theorem. O
We then have

THEOREM 6.2. Let s > r in the normed case.
(i) For any solution operator,

\ —
t )comp(e,r) +4

comp(e,s) < < s = % Ve > 0,
c+a, c+a,

so that, if S is not of finite rank,

(ii) There exists a solution operator for which

comp(e,s) ¢+ a,
e—0 comp(e,r) c+a,’

Proof. Immediate from (6.5) and Theorem 6.1. O
Since we generally expect ¢ > 1, the first part of Theorem 6.2 tells us that

(6.9) limsup comp(e,s) << +2
e—o comp(e,r) ~c+1

1,

while the second part of the theorem tells us that there is a problem for which

comp(e,s) Jetl

> = 1.
e—0 comp(e,r)  c+2

(6.10)
We may roughly paraphrase (6.9) by saying that increasing regularity improves
complexity; (6.10) tells us that there are problems for which “improvement” means
only that the behavior of the complexity does not get worse.
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We now consider the seminormed case. Let
(6.11) comp(e,r):= inf comp(gp),
2
where comp(g) is the complexity of the algorithm ¢ for the problem (S,3H"(R))

and the infimum is taken over all such algorithms ¢ for the problem (S, H"(R)) for
which e(¢) < ¢. Similarly,

(6.12) comp(¢,s):= inf comp(g),
?

with the infimum now being taken over all algorithms ¢ for the problem
(S, BH*(Q)) for which e(@) < &. We now define the e-cardinality numbers by

(6.13) m(e,t):= infN(e,t),
where now
(6.14) N(e,t):={ne€Z*:r(n,BH'(Q)) < &)

for t = rand ¢ = s. Then (as in the normed case) there is an a, € [1,2] for which
(6.15) comp(e,t) = (c + a,)m(e,t) — 1

fort=randt =s.
We first discuss the behavior of the e-cardinality numbers.

THEOREM 6.3. (i) For any solution operator, there exists €, > 0 such that
(6.16) m(e,s) <m(er)+n*—n* Vee(0,¢),
and so if S is not of finite rank,

(6.17) limsup mer) <"

e—0
(i) There exists a solution operator for which

lim 7(&:8) _

= 1.
e—0 m(e,r)

Proof. (i) By Theorem 4.2, lim,_, [r(n, BH*(R))/r(n, BH'(2))] = 0. Hence there
isan n, € Z* such that

r(n,BEF(R)) < r(n.BH'(R)) Yn > n,,

so that Lemma 5.3 yields
(6.18) r(n+n*BH(Q)) < r(n+ n*BH(R)) Vn>n,.
Let

= r(ny + n* BH"(Q)).

To prove (6.16), let e € (0,¢, ). If N(g,r) is empty, the right-hand side of (6.16) is
infinite, so that (6.16) is trivial. So, let n € N(e,r). Since
r(n,BH'(R)) <e<e=r(ny+ n* BH'(Q))

and r(-,3 H’(Q)) is nonincreasing, we have n > n, + n*, ie.,
(6.19) n—n*>n,.
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Using (6.19), and replacing “n” by “n — n*” in (6.18), we have
r(n+ n* — n* BH*(Q)) < r(n,BH"(Q)) < ¢,
so that n + n* — n* € N(g,s); so,
m(e,s) = infN(e,s) < n+ n* — n*.

Since n € N(g,r) is arbitrary, (6.16) follows.

To prove (6.17), let S not be of finite rank. Then lim,_ ,m(e,r) = oo, so that
(6.16) yields (6.17).

To prove (ii), let y,,y,,... be the orthonormal eigenfunctions of E*E correspond-

ing to eigenvalues e > €2 > --- > 0. Again ¢, ~ cn™* for p = (s — r)/N. Let S:
H'(2) » H'(R) be such thgt
(6.20) SEy, = ' "Ey,,

and let S restricted to P._ () be the zero operator. Then as in the proof of Theorem
6.1 we have

(6.21) r(n,BH'())=e" and r(n,BH(R)) ~cn *e",
so that
(6.22) m(e,r) = ln‘l- and m(e,s) ~ ln-:j,

completing the proof of the theorem. O
Remark 6.1. Note that Theorem 6.3 gives an asymptotic result, i.e., one for all
sufficiently small e. One can also prove the nonasymptotic result

(6.23) m(el|El,s) < m(e,r) + n* —n* Ve > 0.
When || £]| < 1, (6.23) implies that (6.16) holds for all ¢ > 0. However, it is possible
to choose @ so that ||£]| > 1. (For example, let r =0, s=1, N = 1; then set
Q = (—a,a) with a > V3 ) In this case, (6.23) does not imply that (6.16) holds for
all e > 0. In fact, when || E}] > 1, one can construct a solution operator for which
(6.16) does not hold for all ¢ > 0.

To see this, let S: H'(R) — H'(Q) be given by

SEy, = o,Ey,,
with 0, > 0, > --- > 0 and y, as in the proof above, and define S to be zero on
P,_ (). Then
r(n,BfI’(ﬂ)) = 0,4 and r(n,Bf{‘(ﬂ)) =0 1€041s
so that || E]| > 1 yields
r(0,BH(2)) = o6, = o)l B = |87 (0, BA(R)) > r(0,BA(R)),
i.e., Lemma 5.3 yields
(6.24) r(n*,BH(Q)) > r(n*,BH"(2)).
Now let
e:=r(n*BH"(Q)).

Then
(6.25) m(e,r) = n*,
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while (6.24) yields r(n*,“BH*()) > &, so that
(6.26) m(e,s) > n*.
From (6.25) and (6.26), we find
m(e,s) > m(e,r) + n* — n*.

So, (6.16) cannot hold for alle > 0. O
We may then use (6.15) and Theorem 6.3 to prove

THEOREM 6.4. Let s > r in the seminormed case.
(i) For any solution operator, there exists €, > 0 such that

ay

)comp(e,r) + (¢ + a,)(n* = n¥)

( )<’c+
comp(e,s) < (('+a

a. —

a
c&+ P L. Vee(0.).

r

so that for S not of finite rank,

comp(e,s) ¢+ a,
< .

comp(e.r) ¢ +a,

limsup

£=0
(ii) There exists a solution operator for which

comp(e.s) ¢ +a,

¢—0 comp(e,r) T c+ta,’

Since we generally expect ¢ > 1, we would expect (¢ + a,)/(¢ + a,) = 1. Hence
this theorem tells us that increasing regularity improves complexity, although there
are problems for which the improvement means that only the complexity gets no
worse.

7. Open Questions. In this paper, we have examined the role of regularity in
determining complexity. Here, we consider some open problems in this area.
We first consider the normed case. We saw that

lim e(n,s)/e(n.r)=0 whenr <s.
n—x

Is there any way of measuring how fast the ratio tends to zero, given (say) r, s. and
some knowledge of the solution operator S? There appears to be no way of
extending the proof in this paper (which uses a compactness argument) to find such
a rate.

It would also be reasonable to consider problems defined over the Sobolev space
WP(2). In this case, it is easy to see that d(n,s) < d(n,r) for all n when s > r,
where d(n,t) is the nth minimal diameter of information for data jn BW"?(§) (see
6. p. 11]). Is it still true that lim,_ _e(n,s)/e(n,r)= 0?7 The proof of such a
statement would follow from a theorem on ratios of n-widths, similar in flavor to
Theorem 3.1. Such a theorem (“increasing compactness speeds up the decay of
n-widths”) is plausible, but its proof could not use the eigenspace techniques of
Section 3.

We now consider the seminormed case. Although we know that there exist
problems for which increasing regularity is harmful (in the sense of Theorem 5.2), we
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know of no naturally-occurring problem for which this is the case. Is there a
noncontrived problem for which increasing regularity worsens the asymptotic behav-
ior of the optimal error?

It is also of interest to find classes of problems for which increasing regularity
(again, in the seminormed sense) improves the asymptotic behavior of the optimal
error. For example, if we look at problems defined over B HJ(), the Friedrichs
inequality allows us to use the results in Section 4, so that

lim e(n,s)/e(n,r)=0.

n—oc
Corollary 5.1 gives other conditions which are sufficient to yield this result. What are
necessary and sufficient conditions for increasing seminorm regularity to improve
the asymptotic behavior of the optimal error in the seminormed case?

We next note that the strongest statement that one can make is (roughly) that
increasing regularity does not make the complexity worse; this is because there exist
problems for which increasing regularity leaves the complexity unchanged. On the
other hand, for many naturally-occurring problems, we have

lim comp(e,s)

= (0 wheneverr < s.
r—0 comp(e,r)

It would be useful to characterize the problems for which this holds, while an even
more ambitious task would be characterizing the problems for which the complexity
ratio goes to zero as a given function of €. '

Finally, we point out that this paper only deals with linear solution operators.
Does increased regularity lower complexity when the solution operator is nonlinear?
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